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Overview

@ The polar of a convex polytope.
@ A lower bound for triangles.

© The sliding argument.
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Convex Polytopes

Let P = conv{pi,...,pn} be a convex polytope on the plane with vertices
pi,--.,pn. Here, conv{pi,...,pn} denotes the smallest convex set
containing p1, ..., pn.
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Convex Polytopes

For a convex polytope P containing the origin in its interior 0 € int P, one
can describe P as the intersection of half-planes

n

P = ﬂ{(x,y) eR?: aix + bjy < 1}.
i=1

This generates n new points Q; = (aj, b;) that lie in the direction normal
to the edge [p;, pi+1]-
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Convex Polytopes

Using this one can form a new polytope called the polar polytope defined
by
P = conv{Qi,..., Qn},
or equivalently
P° = {(x,y) € R?: ax + by <1, for all (a,b) € P}.
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Convex Polytopes

Polarity is a duality operation: the polar of the polar polytope is the
original body, i.e., (P°)° = P.

Moreover, by definition, the bigger P is the smaller P° becomes and
vice-versa. As a result, an interesting question occurs: Is

M(P) = [P[|P°,

the product of their volumes, bounded?
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Our goal in this talk is to prove the following theorem, following Mahler's
argument.

For all convex polytopes P C R?,

2
M(P) > 77
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The first step is to prove the bound for triangles. Let
A = conv{p1, p2, p3} be a triangle with vertices p; = (x;, y;), and

X1 N
X2 Y2

X2 Y2
X3 Y3

X3 Y3
X1 n

A = N = N3 =

the volume of the parallelogram with vertices 0, p1, p2, p1 + p2. Then,

1
|A’ = 5(/\1 —+ /\2 =+ /\3).
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Moreover, A is bounded by the lines

(y2 = y1)x — (2 — x1)y = Ay,
(y3 —y2)x — (3 — x2)y = Mg,
(y1 —y3)x — (x1 —x3)y = As.

As a result, the polar triangle

A° = conv{Q1, Q, Q3}

where

Y+l Y Xi — Xiyl
Q= (Yot Mm )
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As before, for

1

_ _MthtAs
Nil\ip1

B Nil\; ’

Yi41 — Vi Xi — Xi+1
Yi+2 — Yi+1l Xi+1 — Xi42

% Qi
|Qi+1

the volume

(A1 + A2+ A3)?
2M AN

1. . .
|A°| = 5(/\1 + A+ A3) =

Abdulrahman Alenazi (UMD) The 2-dimensional Mahler conjecture Spring 2022



For A C R? a triangle, M(A) > 27/4.

Proof. 1f 0 ¢ int A, the polar |A°| = +o00. Therefore, we may assume
0 € int A. By the previous formulas,

A = AL+ N+ A3
2 )
o = Pt hatAa)”
2A Ao

Thefore, by the AM—GM inequality,

° (/\1 + N+ /\3)3 33/\1/\2/\3 27
M(B) = |A||6°] = > _ 2
4N AoAs aNMAs 4
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The sliding

It remains to show the following:

For M,,, C R? a polytope with m > 4 vertices, there exists a polytope
MM,,—1 with m — 1 vertices such that

M(nm—l) < M(Flm)

This would imply the desired bound, since by the previous Theorem, the
Mabhler volume is minimized among triangles, for which we know that
M > 27/4 as desired.
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The sliding

Proof of Theorem. For technical reasons we restrict to m > 5 and 0 € I1,,.
Split

Npn=PUA
to a disjoint union as below,

y
P2

P4 Ps
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The sliding

Note that since P C I, the polars I, C P°. In particular,

A:=pPo\n2,

is also a triangle because the points Qp, Q1, Qs are colinear, and
Qo, @, Q3 are also colinear.

y
Qo

Q A
o ///\

0 Qs X

Qs
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The sliding

Mahler's idea was to slide p, along the line parallel to [p1, p3] so that p3
becomes colinear to p, and ps, or p1 becomes colinear to p, and p,;, such

that
A = |47
. Y . y
// - P2 § Qo
I .............. \ ..... ‘A . Ql
D -
X I_In—l Q5 X
Pa Ps
Qs
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The sliding

Note that
MN,_1:=PUA
is a polytope with m — 1 vertices so that
|nm‘ = “_Im—l‘7
so it remains to show that
M,y < I3,
However,

Meal = P2 = [A].
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The sliding

oL Qu | Q| Q) _ (A1 +A2— o)
’A|_2<QOJr Q" Q1>_ 20NN,
2(|A] = Ag)? B c

T AMERIA[= AL —Ao)  A(b— Ay
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The sliding

As we slide py along the line parallel to [p1, p3] one may compute volume
of A to change as shown in the graph below:
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The sliding

Note that this has unique minimum and increases from there. Therefore, if
we move at the right direction we can make sure that either p; or p3 will

“disappear” while the volume of A will have increased, i.e., the volume of
the polar has decreased. []
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Thank you!
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